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ABSTRACT: We have surveyed normal coordinate intrinsic viscosity calculations for linear, cyclic, and branched
polymer chains as functions of excluded volume and hydrodynamic interaction effects. A simple factorization of
the Flory-Fox ¢ factor, of the form ¢ = 2.84 X 10%gF([A°-*%/(er + H°%%)], gives good agreement with detailed
calculations over the entire range of excluded volume parameter ¢ and hydrodynamic interaction parameter A
encountered in practice. Since the variation of ¢ with chain topology and e is known, standard log [7] — log M
plots can be analyzed to give the effective segment length, b, in any solvent. It is shown that b remains palpably
constant for three common nonionic polymers, but increases substantially with decreasing ionic strength (increasing

¢) for polyacrylic acid.

In 1951, Flory and Fox! argued that, since the in-
trinsic viscosity [n] of a polymer in solution re-
flected its effective hydrodynamic volume, [5] could be
written in the form

7] = §(LAYM M

The molecular weight of the polymer is M, its mean-
square end-to-end distance, which reflects both short-
range and long-range interactions, is (L?. ¢ is a
parameter which, it was argued, “‘should be the same
for all polymers regardless of the solvent and tempera-
ture”! once M has reached a (moderate) limiting value.
Since that time, research has gone along two main
lines. In the first, substantial theoretical effort has
been devoted to justifying the form of eq 1 and to a
priori calculation of the magnitude of ¢. The first
calculation which was firmly grounded on statistical
mechanical principles and which took account of hydro-
dynamic interactions was that of Kirkwood and Rise-
man.? An equivalent, but somewhat simpler, theory
was developed by Zimm? using a normal coordinate
analysis introduced by Rouse* and by Bueche.® The
normal coordinate theory has since been applied to
linear polymers with varying hydrodynamic interac-
tion® and excluded volume effects,” to branched poly-
mers,? and to cyclic polymers with excluded volume.?®
The upshot of these calculations is that ¢ is not truly
a universal constant, but instead depends somewhat
on polymer chain topology (linear, cyclic, branched),
on excluded volume effects, and on the magnitude of
hydrodynamic interaction or draining effects. It is
the major aim of this paper to survey these calculations
and to show that ¢ can be factored, to a good approxi-
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mation, into a product of terms which reflect the indi-
vidual factors mentioned above.

Concurrently with these theoretical developments,
many experiments have been done using eq 1 with
theoretical or experimental values for ¢, and some
theory of excluded volume effects, to obtain unper-
turbed dimensions of polymer chains. These in turn
lead to information on short-range interactions such
as internal rotation hindrance potentials.!® These
treatments usually implicitly assume that short-range
interactions are independent of solvent, and often!
that ¢ is independent of solvent. These assumptions
are unlikely to be true in detail,!! and it would there-
fore appear to be a safer procedure to devise a method
for assessing short-range interactions in any solvent,
whether good or poor. The equations presented here
enable the simple formulation of such a method.

Calculations and Results

In order to encompass cyclic and branched molecules
as well as linear ones, we shall rewrite eq 1 as

In] = (6571 *((R)"* /M 2

where (R?%) is the mean-square radius of the polymer
chain and g is the ratio of the mean-square radii of
nonlinear and linear chains of the same molecular
weight in the absence of excluded volume effects, and
has been computed for a number of special cases.!®
Equation 2 can be applied to cyclic chains, in which
(L% is zero by definition, and to branched polymers for
which (L?) is ambiguous. Furthermore, (R? is less
sensitive to excluded volume effects than is (L2),!2
so that ¢ will be more nearly constant when defined as
ineq 2. Finally, when ¢ is defined by eq 2, one has for
two different chain topologies « and § in the absence
of excluded volume effects, [7],/[nlg = ¢a/®s

In the subsequent treatment we characterize the
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TABLE |
VALUES OF v AND A IN EQUATION 7 as FUNCTIONS OF ¢ FOR LiNgar, CYCLIC, AND BRANCHED POLYMERS

Linear Cyclic Branched
=4 S =8
€ s A Y v A Y A
0.0 0.876 0.190 0.884 0.457 0.914 0.476 0.881 1.05
0.1 0.937 —0.169 0.926 0.0758
0.2 0.996 —0.533 0.932 —0.291
0.33 0.949 —0.933 0.967 —0.703

excluded volume effect by a parameter €¢ defined such
that for linear chains with N statistical segments of
length 6

(L2 = hIN1+e 3)
or
(LHIL%e = N° €

where (L?%), is the mean-square length in a 6 solvent,
when e = 0.

Hydrodynamic interaction is characterized by a
parameter’*

h(e) = 24INC=9120/(127%) b (5)

where ¢ is the translational frictional coefficient of a
segment and 7, is the solvent viscosity. It will be
noticed that / is a function of N, for spherical segments
of radius 4/2, and no excluded volume (¢ = 0), #(0) =
0.489NV/2,

Intrinsic viscosities have been calculated from the
equation?®

[n] = (Nab%/6Mno) ; Wiyt (6)

where N4 is Avogadro’s number, w; is the degeneracy
and A; the eigenvalue of the kth normal mode.

In all cases we have combined eq 2 and 6 with the
appropriate eigenvalues and degeneracies to calculate
(e, h), and have fit our results by linear least squares
analysis to the form

#(e, 1) = 2.843 X 10¥gF(JlA7/(e* + AN  (T)

In eq 7 the factor 2.843 X 10?1 is ¢ (e = 0, h = =)
for linear chains.? ¢ is the ratio of ¢(0, «~) for the
chain topology under consideration to ¢(0, «) for
linear chains

g = (0, =)/2.843 X 10%! ®

F(e) is taken to be a quadratic in ¢, while ¥ and A are
numbers which may depend on e.

1. Linear Chains. Calculations of ¢; for linear
chains, as a function both of € and %, have been made
by Tschoegl.” We have found that his results can be
expressed in the form of eq 7, where

qr =1 ®
Fr(e) = 1 — 2.531e 4 2.273¢* (10)

The values of v and A are given as functions of ¢ in
Table 1. Deviations between ¢; as given by eq 7
with these numbers, and as calculated by Tschoegl,’
are never more than 5% for & > 2.5, corresponding to
a very short polvmer with N = 25 if e = 0.

2. Cyclic Chains. For cyclic chains the factor g in
eq 2 is Y».1* The eigenfunctions are rigorously the
sum of free-draining and nondraining eigenfunctions®

A = (Am¥NAK? + h(Oh:' /7] an

where the nondraining eigenvalues are related to zero-
order Bessel functions J,

Ne! = (=DFN2m k2 o(mk) (12)

All degeneracy factors w; are equal to 2.

The value of the ¢, factor for rings has already been
calculated® as a function of ¢ at infinite /# (the non-
draining limit). We can then compute ¢, at finite
values of % by using eq 2, 6, and 11.

i 2
dole, ) = pule, h = ) <k=1 me)]>/
(i 2/M/> (13)
=1

The procedure used for evaluating the summation in
the numerator of this equation is detailed in the Appen-
dix. A good numerical approximation to the results
obtained from eq 13 is given by eq 7, where the least-
squares values of v and A4 are given in Table I, and

g. = 0.6514 (14)
F(e) = 1 — 2.840¢ 4 3.218¢2 (15)

3. Branched Chains. Zimm and Kilb® have deter-
mined free-draining and nondraining eigenvalues for a
variety of branched polymer configurations. We have
considered only those branched molecules with f
branches of equal length, where fis 4 and 8. The g
values for these two cases are 0.625 and 0.344, re-
spectively. Calculations have been made only for
the 8 solvent case, € = 0.

If we make the approximation, which has also been
made for the linear case,® that the eigenfunctions are
pure sine and cosine functions for all degrees of hydro-
dynamic interaction, then we may write the eigenvalues
as a sum of free-draining and nondraining eigenvalues

% 4h (F\'
Az = - — | = Ner! 16
7% AN + e <2> 1 (16)

where the Ay’ are given by Zimm and Kilb.® The
eigenvalues with odd &k have w;, = f — 1, while those
with even & are nondegenerate.

Proceeding as in the case of the cyclic chain, we now
use eq 2, 6, and 16, and follow Zimm and Kilb® in
approximating Ay’ by Ay’ for all &.  As before, the
results are reproduced with good accuracy by eq 7, with
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Figure 1. Percentage difference between ¢ calculated by
eq 7 and 18-20, and ¢exact calculated by Tschoegl,” for
linear chains: # is the hydrodynamic interaction parameter
defined ineq 5; eis the excluded volume parameter defined in

eq3; —,e=00; ——,e=01; ———, e =02; ———,
e = 0.33.
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Figure 2. Percentage difference between ¢ as calculated
by eq 7 and 18-20, and as calculated by eq 13, for cyclic
chains: ,e =00, —— e=01; —--——-, ¢ = 0.2
——-—~, ¢ = 033,
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Figure 3. Percentage difference between ¢ as calculated by
eq 7 and 18-20, and as calculated by method of Zimm and
Kilb,® for chains with four and eight branches; number of
branches of equal length: —, f = 4; — —, f = 8,

F(0) = 1, since no calculations have been made for
€ # 0. Values of v and A are given in Table I, while

q; = (2[f)70.390(f — 1) + 0.196)/0.586 (17)

Macromolecules

4. A General Expression. We have found, in the
above calculations, that the dependence of the ¢
parameter on chain topology, excluded volume, and
hydrodynamic interaction can be represented ade-
quately by eq 7. Comparison of eq 10 and 15 indicates
that the coefficients of ¢ and ¢? in F(e) do not depend
strongly on topology; and inspection of Table I leads
to the same conclusion about vy, which is also not
strongly dependent on e. Furthermore, 4 varies in a
similar manner with e for linear and cyclic chains.

Consequently, we are led to propose a set of simple
expressions for the parameters in eq 7, which will apply
to all types of chains, regardless of topology. These
are

F(e) = 1 — 2.68¢ + 2.74¢? (18)
y = 0.94 (19)

and
A = (0.175/9%) — 3.38¢ (20)

where ¢ is given by eq 9, 14, and 17 for linear, cyclic,
and f~branched chains, respectively. Zimm and Kilb®
have conjectured that the simple relation (in our no-
tation)

qg=2g" 1)

holds with sufficient accuracy for all branched mole-
cules, regardless of detailed shape.

In Figures 1, 2, and 3 we have plotted the percentage
deviation, 100(¢exacs — ©)/Pexsct, fOr linear, cyclic, and
branched chains, respectively, as a function of log 4
for various values of e. The ¢’s were calculated from
eq 7 and 18-20, while the ¢.y..: values were computed
as described above. Except in the case of the eight-
branched polymer, the percentage deviation is never
greater than 5% for log 4 > 0.2, corresponding to N =
10 if ¢ = 0. It would appear that ¢ calculated from
the general expression is of quite sufficient accuracy
for almost all practical situations.

At very low # (log & < —1.0), the percentage devia-
tion becomes substantial. In these cases, however,
GPoxact X 10721 is very small, so the absolute magnitude
of the discrepancy is also small.

Applications

The value of an expression such as eq 7 is very clear,
since it enables accurate estimation of ¢ parameters,
and thus of average chain dimensions, for chain topol-
ogies and values of € and /4 for which detailed normal
coordinate calculations may not have been done.

For high molecular weight linear chains, when / is
effectively infinite, combination of eq 1, 3, 7, 9, and 18
gives

7] = 2.843 X 1021(1 — 2.68¢ +
2.7452)b3M0—<3+3€)/ 2M(1+35)/ 2 (22)

M, is the monomer molecular weight. This is of the
familiar Mark-Houwink-Sakurada form

] = KM* (23

witha = (1 4+ 3¢)/2.
Equation 22 presents a simple way, embodying the
most accurate results of calculations of [»] for random
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chains, for calculating the segment length b in any
polymer-solvent system. The slope of the standard
log-log plot of [y} vs. M gives ¢; the intercept gives K,
which depends on e. Knowing M,, one can then ob-
tain b.

Results for four polymers are shown in Figure 4.
Values of K and « for the three nonionic polymers,
polyisobutylene, atactic polystyrene, and polyethylene
oxide, were taken from the compilation of Kurata and
Stockmayer.® Data for the polyelectrolyte, poly-
acrylic acid, comes from the work of Takahashi, et
al.'* In this case, e was increased by decreasing the
ionic strength of the solvent. We observe that 5
remains palpably constant for the three nonionic poly-
mers over the entire range of solvent conditions. On
the other hand, b increases substantially with increasing
e for polyacrylic acid, presumably reflecting a re-
distribution among rotational isomeric states so as to
minimize electrostatic repulsions as the ionic strength
decreases.

The values of b obtained in this manner are very close
1o those obtained in other ways by, e.g., Kurata and
Stockmayer;1® but the method of data analysis we
propose here is substantially simpler to apply.

Discussion

We have seen that the Flory-Fox! ¢ parameter can
be factored into a product of terms: a constant which
represents ¢ for a linear chain in the limit of vanishing
excluded volume and infinite hydrodynamic interaction ;
a factor ¢ which depends only on the topology of the
polymer chain; a factor F(e) which depends only on
excluded volume; and a factor which depends both
on e and hydrodynamic interaction. This factorization
is adequate to give ¢ to 59, or better in all realistic
cases (log 4 > 0.2) which have been examined thus far.
This, in turn, is adequate to give the statistical segment
length 4 to better than 29]. Experimental errors are
substantially larger than this.

There are several points at which some of the details
of this work might be slightly improved. Fixman and
Pyun' have recently calculated the intrinsic viscosity
of a linear Gaussian chain by normal coordinate tech-
niques but with avoidance of premature averaging.
They obtained ¢,(0,«) = 2.68 X 102!, about 5%
lower than the value used here. Fukatsu and Kurata?
performed a similar calculation for cyclic chains, and
obtained ¢.(0, =) = 1.74 X 102, or ¢g. = 0.648.
Since the effect of this improvement is so small, we
have preferred to retain the original treatment?® for
consistency with the calculations on branched chains®
and on non-Gaussian chains.

We have used a parameter e to represent excluded
volume effects. This representation has the virtue that
€ remains constant with varying molecular weight in a
given solvent-polymer system, and eq 3 agrees in form

(14) A. Takahashi, S. Yamori, and 1. Kagawa, Nippon
Kagaku Zasshi, 83, 11 (1962); A. Takahashi, T. Kamei, and
I. Kagawa, ibid., 83, 14 (1962); A. Takahashi and M. Nagasawa,
J. Amer. Chem. Soc., 86, 543 (1964).
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Figure 4. Segment length 4 as function of ¢ for polyiso-
butylene® (@), atactic polystyrene®® (2), polyethylene oxide®
(0), and the polyelectrolyte polyacrylic acid!¢ (O).

with the results of machine calculations.'® It should be
noted that we have made no attempt, in contrast to
other theories, 19 to compute e from first principles.

It is an old and vexed problem, how to compute
moments of a distribution afflicted with excluded vol-
ume effects. We have assumed that the second moment
is given by eq 3, but the (—1) moment is also needed for
hydrodynamic calculations. The distribution function
which led to the results summarized here™? is plausible
but not firmly grounded. We!" have investigated the
effect of using instead a distribution function of the
form suggested by Domb, Gillis, and Wilmers'® on
the basis of complete enumeration studies of random
walks on a lattice. This distribution has the form

W(L) = const e~L/uE3" 8 (24)

where 6, according to Fisher,® is 2/(1 — ¢), and u =
{TI1 + (1/8)1/TI1 + (3/8)]} ", where T is the  function.
Use of this distribution function has the effect of multi-
plying F(e) by a factor which is very nearly [1 + (¢/2)].
In the common range of ¢ (see Figure 4), this will in-
crease ¢ by 1597 at most.

One factor we have neglected entirely is chain stiffness.
The calculations of Hearst, Beals, and Harris?® indi-
cate that stiffness reduces ¢ by a few per cent, depend-
ing on e and persistence length, for very long wormlike
chains. For shorter, more realistic stiff chains, the
chain length dependence (i.e., # or N dependence) is
quite complicated and difficult to subsume under the
framework considered here.

Finally, we note that several theories?! of the in-
trinsic viscosity of finite chains have proposed N (or /)
dependences similar to that exhibited in eq 7. How-
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Windwer, ibid., 47, 708 (1967).

(17) V. A. Bloomfield and P. A, Sharp, in preparation.

(18) C. Domb, J. Gillis, and G. Wilmers, Proc. Phys. Soc., 85,
625 (1965).

(19) M. E. Fisher, J. Chem. Phys., 44, 616 (1966).

(20) J. E. Hearst, E. Beals, and R. A, Harris, ibid., in press.

(21) Sec, e.g., A. Isihara, J. Polym. Sci,, Part A-1, 5, 2883
(1967), and references cited therein.,
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ever, for Gaussian chains usually N'/* (or 4) appears,
rather than 4°%4,  We are unable to provide a rationale
for this unusual dependence, but just note that it fits
the calculations significantly better than does a first-
power dependence.
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Appendix
The sums are of the form
2 A/ + BkY
k=1

where 4 and B are constants. This can be broken
up into

Macromolecules

I

k; A/ + Bk + 2  AlQusewn” + BK?) +

=y

20 AlQvsap” + BK?)
k=gt
where A\i,.pp’ is the approximate analytical form for the
kth nondraining eigenvalue.®® The first v eigenvalues
have been tabulated numerically.®?

We have therefore evaluated the first sum numerically,
and summed the second out to fairly large u (=10°%)
by digital computer. The third sum was replaced by
an integral according to the Euler-MacLaurin pro-
cedure

> fi= f FUdk + ol (u + 1)
k=pu41 a1

and evaluated by numerical integration.
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ABSTRACT: A study was made of the adsorption of polystyrene from cyclohexane solution onto aluminum and
aluminum oxide surfaces. Four polystyrene fractions, ranging in molecular weight from 67,000 to 1,800,000,
were used. Brief studies were also made of the adsorption of polyisobutylene from benzene onto aluminum and
of ethylbenzene from cyclohexane onto aluminum oxide. The surface areas of the two solids and the pore-size
distribution of the aluminum oxide were measured by low-temperature nitrogen adsorption. The aluminum was
essentially nonporous. For adsorption on aluminum, equilibrium appeared to be reached in a matter of hours;
it is doubtful that true equilibrium was established even after 25 days in the case of aluminum oxide. Adsorption
on aluminum is typical of the behavior of a variety of polymers adsorbed on nonporous adsorbents, exhibiting, for
example, an increase of adsorbance with increasing molecular weight. The molecular weight dependence of ad-
sorption on aluminum oxide was the reverse of normal behavior, the fraction of lowest molecular weight being
adsorbed to the greatést extent. This is interpreted as a result of steric hindrance to penetration of the pore struc-
ture of the solid by large molecules. The estimated radius of the smallest pores penetrated by each fraction is ap-
proximately equal to the radius of gyration of the molecules in the solution. A study of the adsorption of ethyl-
benzene, a monomeric analog of polystyrene, from cyclohexane gives a value of —4220 cal/mol as the lower limit
of the hedt of adsorption of polystyrene segments. Polyisobutylene was not adsorbed from benzene onto aluminum,
a result attributed to preferential adsorption of the solvent.

urrent theories®7 of the adsorption of polymer

molecules on solid surfaces use the idealized
picture of a smooth plane at which the polymer chains
are attached by many* or few? of the chain segments.
While such a simplification is desirable for purposes
of focusing attention on the types of conformations that
are typical of chains, the fact remains that many com-
mon adsorbents for polymers are not well represented
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